Featured Application: The method introduced in the paper can be applied to, and can increase angular indexing accuracy of, all machines equipped with a mandrel to rotate the workpiece, such as gear measuring machines (GMMs), gear grinding machines, polygon grinding machines, cam grinding, and measuring machines.
Introduction
The method of mounting the workpiece onto a mandrel and rotating the mandrel by a two-center pivotal clamp to achieve angular positioning of the workpiece has been widely used in many machines, such as gear and cam grinding and measuring machines. One center is to be clamped and rotated by the spindle of a rotary table, and the other center is normally fixed to the rail. In an ideal case, the mandrel is coaxial, and the spindle axis and the spindle is in pure rotation. In real cases, however, due to manufacturing and assembly errors, both the spindle and the mandrel have certain inevitable systematic errors. On one hand, the spindle has inherent geometric errors in six degrees of freedom (6-DOF), as mentioned in ISO230-1, ISO230-7, and ASME B89.3.4 [1] [2] [3] as well as in the book by Marsh [4] , which includes three translational errors and three rotational errors. On the other hand, the mandrel has inherent coaxiality errors with respect to the spindle axis due to misalignment of the two centers. All these errors induce an angular positioning error of the workpiece, resulting in dimensional error or measurement error. In the past, many researchers studied the techniques of multi-degree-of-freedom measurement (MDFM) on the geometric errors of the rotary stage. Liu developed the error motion and the angular indexing measuring devices using position sensitive detectors (PSDs) and diffraction grating [5] . Jywe established a novel technique using diffractive grating and PSDs to calibrate the 4-DOF errors of a rotary table [6] . Sung proposed a new measurement system based on a laser diode, PSDs, and a homogeneous transformation approach to separately measure six geometric errors of a rotary axis [7] . He et al. proposed a method of using a dual optical path measurement method (DOPMM) to identify all 6-DOF errors of a rotary stage one by one [8] . Zhang proposed a novel measuring method for geometric error identification of the rotary table on five axis machine tools using a double ball bar [9] . Akategawa proposed concentric circle grating and phase modulation interferometers to achieve concurrent measurement of all 6-DOFerrors of a rotary table [10] . Evans et al. expressed a general methodology of self-calibration in dimensional metrology using a reversal or error separation method, including the spindle errors [11] . Although many methods for measuring the error motions of spindles or rotary tables have been investigated, the angular positioning error caused by the coaxility error of two cascade axes of rotation has not been paid much attention. Previous studies by Lou et al. on gear measurement were on a specially designed test rig, called a double-disc instrument, for measuring the involute profile [12, 13] . For the pitch measurement on a commercial gear measuring machine (GMM), Lou et al. used a multi-step method to measure the pitch deviation of the gear [14] . Liu et al. considered the offset of the probing position due to alignment error of the gear axis (same as the mandrel axis in this report) and proposed a method to compensate the induced pitch deviation in measurement [15] . It is quite close to the goal of this study, but they only verified the error model by computer simulation and neglected error motions of the rotating shaft. It is known that the radial motion and tilt of the spindle will cause an angular positioning error at the rotary stage [16] . Here, not only the coaxiality and spindle errors but also the angular positioning error of the rotary table of an investigated GMM was measured. Their influences on the angular positioning error of the mandrel at the gear measuring plane was theoretically derived. This theoretically predicated error was validated by experimental results. It was found that the measurement accuracy of any GMM can be largely improved after the predicted angular positioning error is compensated. Figure 1 shows the configuration of a GMM, model 891E (Mahr Company, Göttingen, Germany). The gear to be measured is mounted onto a mandrel, whose two ends are pivoted by an upper center and a lower center, respectively. In this figure, the gear is replaced by a polygon to test the actual angle of rotation. The upper center is fixed to the rail of the column, and the lower center is driven by the spindle of the rotary stage. A clamping module, including the fixture, connecting rod, and plate, tightly fixes the mandrel to the lower center so that all these parts rotate together as a rigid body. When the spindle rotates, the mandrel is simultaneously rotated. The angle of rotation is measured by an encoder underneath the spindle inside the rotary stage. This is the ideal case without any errors mentioned in the last section. Appl. Sci. 2017, 7, x FOR PEER REVIEW 3 of 12 Figure 2 shows a schematic diagram of the actual case and shows that the spindle has radial runout and tilt with respect to the ideal axis of rotation. The mandrel has a coaxiality error with respect to the ideal spindle axis. The spindle errors are generated from the bearing plane from which the radial error motion and tilt error motion of the shaft, or spindle, start [16] . It is obvious that the mandrel will rotate around a cone contour because the tip of the lower center has radial run-out error motion due to combined error sources at the tip's height. This kind of machine has not only spindle errors but also the mandrel's coaxiality error. The actual rotated angle of the mandrel must be deviated from the reading of the encoder. This is the main goal of this study to investigate the difference in between. For simplicity to explain, the coaxiality error and the spindle error are considered separately. Considering that the spindle average line is the same as its ideal axis of rotation and the mandrel average line is the same as it center line, a simplified illustration of coaxial error can be seen in Figure  3 , including two angle states of the spindle rotation at 0° and 180°, respectively. It assumes the upper center is off the spindle average line by a distance of e. The moving parts, including the mandrel, polygon, and the clamping module, will be driven to rotate by the spindle. Figure 2 shows a schematic diagram of the actual case and shows that the spindle has radial run-out and tilt with respect to the ideal axis of rotation. The mandrel has a coaxiality error with respect to the ideal spindle axis. The spindle errors are generated from the bearing plane from which the radial error motion and tilt error motion of the shaft, or spindle, start [16] . It is obvious that the mandrel will rotate around a cone contour because the tip of the lower center has radial run-out error motion due to combined error sources at the tip's height. This kind of machine has not only spindle errors but also the mandrel's coaxiality error. The actual rotated angle of the mandrel must be deviated from the reading of the encoder. This is the main goal of this study to investigate the difference in between. Figure 2 shows a schematic diagram of the actual case and shows that the spindle has radial runout and tilt with respect to the ideal axis of rotation. The mandrel has a coaxiality error with respect to the ideal spindle axis. The spindle errors are generated from the bearing plane from which the radial error motion and tilt error motion of the shaft, or spindle, start [16] . It is obvious that the mandrel will rotate around a cone contour because the tip of the lower center has radial run-out error motion due to combined error sources at the tip's height. This kind of machine has not only spindle errors but also the mandrel's coaxiality error. The actual rotated angle of the mandrel must be deviated from the reading of the encoder. This is the main goal of this study to investigate the difference in between. For simplicity to explain, the coaxiality error and the spindle error are considered separately. Considering that the spindle average line is the same as its ideal axis of rotation and the mandrel average line is the same as it center line, a simplified illustration of coaxial error can be seen in Figure  3 , including two angle states of the spindle rotation at 0° and 180°, respectively. It assumes the upper center is off the spindle average line by a distance of e. The moving parts, including the mandrel, polygon, and the clamping module, will be driven to rotate by the spindle. For simplicity to explain, the coaxiality error and the spindle error are considered separately. Considering that the spindle average line is the same as its ideal axis of rotation and the mandrel average line is the same as it center line, a simplified illustration of coaxial error can be seen in Figure 3 , including two angle states of the spindle rotation at 0 • and 180 • , respectively. It assumes the upper center is off the spindle average line by a distance of e. The moving parts, including the mandrel, polygon, and the clamping module, will be driven to rotate by the spindle. As shown in Figure 3 , e is the radial coaxiality error of the mandrel to the spindle average line and is the tilt angle. is the variable radius of the contact point between the connecting rod and the plate while rotating. Let the minimum and maximum values of be = 0° and = 180°, respectively. From the geometrical relationship, Equations (1) and (2) can be obtained.
Angular Indexing Errors Caused by the Coaxial Deviation of the Mandrel
where L is the length of the mandrel between two centers, is the distance between the mandrel and connecting rod, and h is the height of the lower center from the table top. Since varies in a sinusoidal form during rotation with a maximum at θ = 180° and a minimum at θ = 0°, it can be expressed by
Substituting Equations (1) and (2) into (3), where α is a very small angle, Equation (3) can be simplified to = − ℎtan cos .
Let the angular velocity of the spindle be and the mandrel be . The velocity of the contact point between the plate and the connecting rod can be obtained either from the mandrel or the spindle.
The rotational angle of the mandrel is the time integration of its angular velocity.
Substituting Equation (4) into (6), the relationship between rotational angle of spindle and mandrel can be obtained.
Therefore, the angular difference between the mandrel and the spindle, when the mandrel has coaxial deviation from the spindle axis, can be theoretically obtained as As shown in Figure 3 , e is the radial coaxiality error of the mandrel to the spindle average line and α is the tilt angle. r θ is the variable radius of the contact point between the connecting rod and the plate while rotating. Let the minimum and maximum values of r θ be r θ = 0 • and r θ = 180 • , respectively. From the geometrical relationship, Equations (1) and (2) can be obtained.
where L is the length of the mandrel between two centers, r A is the distance between the mandrel and connecting rod, and h is the height of the lower center from the table top. Since r θ varies in a sinusoidal form during rotation with a maximum at θ = 180 • and a minimum at θ = 0 • , it can be expressed by
Substituting Equations (1) and (2) into (3), where α is a very small angle, Equation (3) can be simplified to
Let the angular velocity of the spindle be ω and the mandrel be ω A . The velocity of the contact point between the plate and the connecting rod can be obtained either from the mandrel or the spindle.
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Therefore, the angular difference between the mandrel and the spindle, when the mandrel has coaxial deviation from the spindle axis, can be theoretically obtained as
Angular Indexing Error Caused by Coaxiality Error of Mandrel and Radial Error of Spindle
In the GMM, the upper center is fixed and the lower center rotates with the spindle. As given in Figure 1 , the tip of the lower center will experience radial motion due to the spindle error in tilt and radial motion. Figure 4 shows the off-axis radial position of the lower center tip when the angle is at 0 • and 180 • , respectively. It is noted that this tip motion has combined the effects of tilt motion and radial motion of the spindle. The spindle tilt is very small and is not shown in the figure.
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Similar to Equation (5), the following equations can be obtained.
Substituting (12) and (13) into (15), the angular indexing error of the mandrel due to its coaxiality error to the spindle and the spindle error induced radial error motion of the lower center tip can be theoretically derived as
Equation (16) implies that the angular indexing error (∆θ) of the mandrel relative to the table top of the rotary stage can be theoretically analyzed as a function of e, δ, h, L, and r A , among which h, L and r A can be measured directly on the GMM. Therefore, if e and δ are obtained by experiments, ∆θ can then be predicted.
Experimental Verification
In order to verify the above analytical formula, experiments were carried out to measure the coaxiality error of the mandrel, the radial error motion of the lower center, and the angular indexing error of the mandrel.
Measurement of Coaxial Deviation between Two Centers
As shown in Figure 5 , an electronic probe extended from the magnetic stand was adopted for use. This probe is the type of linearly varied differential transformer (LVDT, Chungyuan Instrument Company, Sanmenxia, China, model DGB-5B, with resolution 0.1 µm, maximum indication error 0.5 µm for the selected range of ±30 µm). The magnetic stand was firmly fixed to the base of lower center, i.e., the top of rotational table, and the probe head is pointed to the mandrel at the position close to the tip of the upper center. The extension arm was sturdy enough to hold the probe when the magnetic switch was on. When the bottom stage rotated, the probe set simultaneously rotated around the mandrel. Therefore, the reading of the probe represented the relative run-out motion of the tip of the upper center to the base of the lower center, or vice versa. This is also the value of the radial coaxiality error of the mandrel to the spindle average line (denoted by "e" in Figure 4) . Measured results are shown in Figure 6 . The relative radial motion of the upper center with respect to the base of the lower center was about 10 µm.
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Measurement of the Angular Indexing Error of the Spindle
In a GMM, the angular position of the spindle is detected by an encoder at the bottom of the shaft. Due to the inherent 6-DOF geometric errors of the axis of rotation, the actual rotated angle of the spindle (also called the rotary stage) is different from the encoder reading [14] . Such a difference must be measured in advance for error compensation. As shown in Figure 9 , a high precision multi-tooth indexing table (Jiujiang Instrument Company, Jiujiang, China, model ZDFT-720 teeth, calibrated accuracy ±0.1 , uncertainty ±0.06 ) was adopted as a reference angle device. Each time the spindle rotated to a prescribed angle, the reference indexing table rotated the same angle in the reverse direction. The reflector, mounted onto the indexing table, would associate with the autocollimator (Tianjin ATMV Company, Tianjin, China, model Automat 1000UH-3050; calibrated accuracy: ±0.2 ; uncertainty: ±0.1 (k = 2)) to display the angular positioning error of the spindle. In the experiment, the spindle was rotated each time by a step size of 15 • for one complete cycle. Figure 10 shows the calibrated indexing errors, called the angular positioning error, conforming to ISO230-7. The error would reset to zero when the spindle turned a full cycle. It can be seen that this spindle has a lagged phase, a maximum of −11 at θ = 170 • , and then gradually catches up. This is the angular positioning error of the rotary stage itself.
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In order to measure the angular indexing error of the mandrel caused by the coaxial deviation between the two centers, a 36-sided polygon was fixed to the mandrel, whose angular position error was measured by an autocollimator, as shown in Figure 11 . The measured angular indexing error is cumulated angular errors from the encoder to the polygon, including (1) the angular indexing error of the spindle at the top plane of the rotary stage, as given by Figure 10 and (2) the induced angular indexing error caused by the radial error motion of the tip of the lower center and the coaxiality error of the mandrel to the spindle, as given by Equation (16) . It is noted that the polygon's angular accuracy was calibrated in advance by the above-mentioned autocollimator and the multi-tooth indexing table. Figure 12 shows the measured angular indexing error of the mandrel. It can be seen that the gear to be measured in this GMM has an angular indexing error in the range of −2-9 . Such an error will cause measurement error in the gear parameters.
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Discussion
According to the analysis and experiments above, it has been proven that the angular indexing error (also called the angular positioning error) of the mandrel of a GMM can be predicted if the errors of the mandrel are known. These geometric errors can be measured by proper techniques. The measured radial error motion of the lower center contains not only the radial error of the spindle but 
According to the analysis and experiments above, it has been proven that the angular indexing error (also called the angular positioning error) of the mandrel of a GMM can be predicted if the errors of the mandrel are known. These geometric errors can be measured by proper techniques. The measured radial error motion of the lower center contains not only the radial error of the spindle but also the centering error of the lower center. In addition, the radial error motion of the spindle only considers its first harmonic. The residual errors of the mandrel's angular indexing errors, as shown in Figure 13 , could be due to the remaining higher harmonics of the spindle's radial errors. It is noted that these residual errors still contain the original radial error of the spindle and the tilt induced radial error at the tip of the lower center.
Although this paper presents the methodology of analyzing the angular indexing error of the GMM due to the coaxility error of the mandrel, the radial error of the lower center tip, and the angular indexing error of the spindle, it can also apply to other machines with a similar mechanism, such as a gear grinding machine, cam grinding and measuring machines, or even a long lathe.
Conclusions
In this report, an analytical model of predicting the angular indexing error (also called the angular positioning error) of a rotational mandrel with both ends supported by a two-center module has been developed. The main sources of error are caused by the coaxility error of the mandrel and the radial motion of the lower center. In addition, the angular positioning error of the spindle cannot be ignored. A comprehensive investigation was conducted through derived formulae and experimental verification. Since these errors are systematic, they can be used for error compensation to improve the indexing error of the mandrel. A GMM was adopted for demonstration. Through experimental verification, it was found that the angular indexing errors of the mandrel was within ±5 when the coaxial deviation between the two centers was 10 µm, the lower center's radial motion error was 1.6 µm, and the indexing error of the spindle was within ±5 . The difference between predicted error and measured error was within ±2 . Good agreement was thus achieved. This method can be applied to other machines with a similar structure.
